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We derive the rapidity evolution equation for the gluon four-point function in the dilute regime
and at small x from the JIMWLK functional equation. We show that beyond leading order in Nc
the mean field (Gaussian) approximation where the four point function is factorized into a product
of two point functions is violated. We calculate these factorization breaking terms and show that
they contribute at leading order in Nc to correlations of two produced gluons as a function of
their relative rapidity and azimuthal angle, for generic (rather than back-to-back) angles. Such
two-particle correlations have been studied experimentally at the BNL-RHIC collider and could be
scrutinized also for pp (and, in the future, also AA) collisions at the CERN-LHC accelerator.
I. PRODUCTION OF TWO CORRELATED PARTICLES
The evolution of QCD amplitudes with energy is described by the Balitsky hierarchy [1] or, equivalently, by the
JIMWLK [2] functional renormalization group equations. They essentially represent generalizations of the well-known
BFKL equation [3] for the evolution of the two-point function to evolution equations for arbitrary n-point functions
including the non-linear effects due to high gluon density. In the unitarity limit of high parton density the Balitsky
hierarchy is not closed: the derivative of any n-point function with respect to energy (or rapidity Y ∼ logE) involves
allm-point functions (m ≥ n). In the dilute regime, however, the hierarchy can be truncated to obtain closed evolution
equations for each n-point function.
Prior work in this field has mostly focused on the evolution of the two-point function and its perturbative unita-
rization at high energies. The purpose of this paper is to point out that information on the four-point function could
be obtained from two-particle correlations in inelastic high-energy collisions in a certain kinematic regime (see below).
Moreover, we argue that the B-JIMWLK equation for the four point function can not be factorized as a product of
two BFKL two-point functions. We show that the terms that violate this factorization actually contribute to the
correlation function at leading order in Nc.
We consider the correlation of two particles with transverse momenta p⊥, q⊥ (we shall drop the subscript ⊥ from
now on to avoid cluttering of notation) and rapidities yp, yq, respectively:
C(p,q) =
〈
dN2
d2pdyp d2qdyq
〉
−
〈
dN
d2pdyp
〉〈
dN
d2qdyq
〉
. (1)
The brackets denote an average over events and the momentum distributions shall be normalized according to∫
d2pdyp
〈
dN
d2pdyp
〉
= 〈N〉 , (2)∫
d2pdypd
2qdyq
〈
dN2
d2pdyp d2qdyq
〉
= 〈N2〉 , (3)
where 〈N〉 is the total average multiplicity per event. It has been argued in ref. [4] that in the high-energy limit
(but fixed p, q, yp, yq) the leading contribution to C(p,q) is due to diagrams such as the one depicted in fig. 1. For
these diagrams the hard amplitudes are disconnected but the correlations arise because for either one (or both) of
the colliding hadrons the ladders in the amplitude and/or the conjugate amplitude connect to the same color source.
These two-point functions are essentially the unintegrated gluon distributions of the hadrons; they are of order 1/g2
when the transverse momentum in the ladder is below the saturation momentum Qs of the corresponding hadron.
Diagrams such as fig. 1 should dominate C(p, q) even at high (but not asymptotically high) transverse momentum,
p, q >∼ Qs, provided one considers generic relative angles cosφ ≡ p · q/(|p| |q|) (in particular, away from the region
of “back-to-back” jets, φ ≃ π). On the other hand, at leading order in αs, when p, q ≫ Qs the gluon pair should
originate from the same ladder; when the rapidity difference between the two produced gluons and the two beams
are smaller than ∼ 1/αs the ladder is DGLAP-ordered and C(p, q) should approach δ(p + q) (back-to-back dijet).
When |yp − yq| >∼ 1/αs the delta-function is smeared out by a BFKL-ordered ladder inbetween the produced gluons
(Mueller-Navelet jets [5]). Instead, here we consider the situation where p, q are somewhat larger than but on the
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FIG. 1: Correlated production of two particles with generic relative azimuthal angle at leading order. The blobs denote
the unintegrated gluon distribution of the projectile A or target B, respectively, and the light-cone momenta are x1,2 =
(p/
√
s) exp(±yp), z1,2 = (q/
√
s) exp(±yq).
order of Qs; also, |yp − yq| should be significantly smaller than the total rapidity window between the two beams,
and the relative azimuthal angle φ≪ π. When p and q are on the order of a few GeV it is necessary to subtract the
background of uncorrelated particle pairs to reveal the structure of the correlation function.
We note that two-particle correlations away from the back-to-back regime have recently been measured at the
BNL-RHIC accelerator at
√
s = 200 GeV (per colliding nucleon pair) for proton-proton, deuteron-gold, and gold-gold
collisions [6–8]. For the former systems only a narrow peak due to fragmentation of the triggered parton have been
observed. For collisions of heavy ions, on the other hand, C(p, q) exhibits a “ridge”-like structure: it is narrow in φ
but extends over several units in ∆y = |yp − yq|. The absence of measurable correlations in pp and d+ Au collisions
may be due to the smallness of the saturation momentum Qs for a proton or deuteron at RHIC energy. Also, the
measurements from RHIC might be expected to be rather sensitive to the initial conditions for the evolution equation
at moderately small x0. At the higher energies of CERN’s LHC collider, the saturation momentum of a proton
measured from the central rapidity region is expected to be on the order of 1 GeV and such correlations could be
sufficiently strong to provide information about the QCD four-point function at small x.
The diagrams like the one from fig. 1 arise from factorization of the four-point functions in the field of the projec-
tile/target into products of two-point functions [4] (unintegrated gluon distributions). Doing so, however, picks up
only the leading-Nc contribution to the four-point function. More generally, C(p,q) is given by〈
dN2
d2pdyp d2qdyq
〉
=
g12
64(2π)6
(fgaa′fg′bb′fgcc′fg′dd′)
∫ 4∏
i=1
d2ki
(2π)2k2i
Lµ(p, k1)L
µ(p, k2)
(p− k1)2(p− k2)2
Lν(q, k3)L
ν(q, k4)
(q − k3)2(q − k4)2
×
〈
ρ∗aA(k2)ρ
∗b
A(k4)ρA
c(k1)ρA
d(k3) ρ
∗a
′
B (p− k2)ρ∗b
′
B(q − k4)ρBc
′
(p− k1)ρBd
′
(q − k3)
〉
(4)
=
g12
64(2π)6
(fgaa′fg′bb′fgcc′fg′dd′)
∫ 4∏
i=1
d2ki
(2π)2k2i
Lµ(p, k1)L
µ(p, k2)
(p− k1)2(p− k2)2
Lν(q, k3)L
ν(q, k4)
(q − k3)2(q − k4)2
×
〈
ρ∗aA(k2)ρ
∗b
A(k4)ρA
c(k1)ρA
d(k3)
〉〈
ρ∗a
′
B (p− k2)ρ∗b
′
B(q − k4)ρBc
′
(p− k1)ρBd
′
(q − k3)
〉
(5)
In the second step we have assumed factorization of the wave functions of projectile and target. Lµ denotes the
Lipatov vertex which satisfies
Lµ(p, k1)L
µ(p, k2) = − 4
p2
[
δijδnm + ǫijǫnm
]
ki1(p− k1)j kn2 (p− k2)m (6)
Lµ(p, k)L
µ(p, k) = −4k
2
p2
(p− k)2 . (7)
The expression (5) is depicted in fig. 2. Here, ρ(r) denotes the color charge density per unit transverse area at a
transverse coordinate r and ρ(k) is its Fourier transform. Its two-point function is related to the unintegrated gluon
distribution Φ(x, k2) via
〈
ρ∗a(k)ρb(k′)
〉
(x) =
1
αs
δab
N2c − 1
(2π)3δ(k − k′)Φ(x, k2) . (8)
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FIG. 2: Correlated production of two particles with generic relative azimuthal angle at leading order. The blobs denote the
four-point functions for the projectile A or target B, respectively.
With this normalization one recovers the LO k⊥-factorization formula for the single-inclusive distribution from the
diagram 3 with the standard prefactor [9]:
dN
d2pdy
= 4αs
Nc
N2c − 1
σ0
p2
∫
d2k
ΦA(x1, k
2)
k2
ΦB(x2, (p− k)2)
(p− k)2 , (9)
where σ0 is the transverse area of the collision (note that in our convention Φ(x, k
2) is the density of gluons per unit
transverse area and it therefore contains a factor of 1/σ0).
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FIG. 3: Single-particle production from k⊥-factorization at leading order. The blobs denote the unintegrated gluon distribution
of the projectile A or target B, respectively.
In a mean field (and large Nc) approximation one may factorize the four-point functions from eq. (5) into products
of two-point functions, 〈
ρaρbρcρd
〉
= δabδcd(ρ2)2 + δacδbd(ρ2)2 + δadδbc(ρ2)2 + · · · , (10)
where ρ2 ≡ 〈ρρ〉, and the momentum dependence of the two-point function has been suppressed. Then, one of the
nine contractions corresponds to the square of the single-inclusive distribution: contract the first ρ with the third and
the second with the fourth, for both projectile and target. The color factor for this diagram is1
fgaa′fg′bb′fgcc′fg′dd′ 〈ρ∗aAρAc〉
〈
ρ∗bAρA
d
〉〈
ρ∗a
′
BρB
c′
〉〈
ρ∗b
′
BρB
d′
〉
(11)
∼ fgaa′fg′bb′fgcc′fg′dd′δacδbdδa
′c′δb
′d′ = N2c (N
2
c − 1)2 . (12)
1 Not including factors of Nc which will enter once 〈ρρ〉 is expressed through Φ via eq. (8).
4The remaining eight diagrams correspond to a color factor of (we take fig. 1 as an example)
fgaa′fg′bb′fgcc′fg′dd′ 〈ρ∗aAρAc〉
〈
ρ∗bAρA
d
〉〈
ρ∗a
′
Bρ
∗b
′
B
〉〈
ρB
c′ρB
d′
〉
(13)
∼ fgaa′fg′bb′fgcc′fg′dd′δacδbdδa
′b′δc
′d′ = N2c (N
2
c − 1) . (14)
Thus, two-particle correlations are suppressed by a factor of N2c − 1 as compared to uncorrelated production. For this
reason, the leading-Nc ansatz (10) may not capture the complete result for C(p, q). Below, we derive the evolution
equation for the four-point function from JIMWLK. We determine the corrections beyond the mean-field and large-Nc
approximations to the rhs of (10) and show that these corrections contribute at the same order in Nc to the correlation
function.
In this regard, we should point out that Nc corrections to the two-point function in the dense regime were found to
be exceptionally small [10]. However, this needs not be true for the four-point function. In fact, we shall argue below
that we do not expect Nc corrections to the four-point function to be anomalously small, even in the dilute regime.
A verification or falsification of this expectation via exact numerical solutions would be very valuable.
II. EVOLUTION EQUATION FOR THE FOUR-POINT FUNCTION
In this section we present the equation describing the rapidity evolution of the four-point function
〈
αarα
b
r¯α
c
sα
d
s¯
〉
obtained from the JIMWLK equations, which include terms of subleading order in Nc. In this context it is more
natural to work in coordinate space, so r, s, r¯, s¯ denote transverse coordinates; the four-point function in momentum
space can be obtained by Fourier transform. We also find it preferable to work with the fields α rather than the color
charge densities ρ; at leading order and in covariant gauge, they are related in coordinate space by
Aµ(x+, r) ≡ δµ−α(x+, r) = −g δµ−δ(x+) 1∇2⊥
ρ(x+, r) , (15)
for a hadron moving at the speed of light in the negative z-direction. Since this field also satisfies A+ = 0, the only
non-vanishing field-strength is F−i = −∂iα. In momentum space we have the relation k2α(k) = gρ(k).
The JIMWLK evolution equation for the four-point function to lowest order in the fields can be shown to be (see
appendix)
d
dY
〈αarαbr¯αcsαds¯〉 =
g2Nc
(2π)3
∫
d2z
〈
αazα
b
r¯α
c
sα
d
s¯
(r − z)2 +
αarα
b
zα
c
sα
d
s¯
(r¯ − z)2 +
αarα
b
r¯α
c
zα
d
s¯
(s− z)2 +
αarα
b
r¯α
c
sα
d
z
(s¯− z)2 − 4
αarα
b
r¯α
c
sα
d
s¯
z2
〉
+
g2
π
∫
d2z
(2π)2
〈
feκaffκb
(r − z) · (r¯ − z)
(r − z)2(r¯ − z)2
[
αerα
f
r¯ − αerαfz − αezαfr¯ + αezαfz
]
αcsα
d
s¯
+feκaffκc
(r − z) · (s− z)
(r − z)2(s− z)2
[
αerα
f
s − αerαfz − αezαfs + αezαfz
]
αbr¯α
d
s¯
+feκaffκd
(r − z) · (s¯− z)
(r − z)2(s¯− z)2
[
αerα
f
s¯ − αerαfz − αezαfs¯ + αezαfz
]
αbr¯α
c
s
+feκbffκc
(r¯ − z) · (s− z)
(r¯ − z)2(s− z)2
[
αer¯α
f
s − αer¯αfz − αezαfs + αezαfz
]
αarα
d
s¯
+feκbffκd
(r¯ − z) · (s¯− z)
(r¯ − z)2(s¯− z)2
[
αer¯α
f
s¯ − αer¯αfz − αezαfs¯ + αezαfz
]
αarα
c
s
+ feκcffκd
(s− z) · (s¯− z)
(s− z)2(s¯− z)2
[
αesα
f
s¯ − αesαfz − αezαfs¯ + αezαfz
]
αarα
b
r¯
〉
. (16)
This expression neglects contributions from higher n-point functions on the rhs; in the dilute regime, i.e. when the
transverse momenta of the produced particles are higher than the saturation momenta of the colliding hadrons, this
approximation should be justified.
In order to derive the color structure of corrections beyond the large-Nc approximation, we factorize the product of
four point functions on the rhs of eq. (16) into products of two point functions. This Gaussian approximation reduces
the evolution equation for the four point function to a product of two BFKL equations (for the two point function)
plus extra terms which provide corrections to the factorization (10). The result is
5d
dY
〈αarαbr¯αcsαds¯〉 =
d
dY
[
δacδbdα2r¯−s¯α
2
r−s + δ
abδcdα2s−s¯α
2
r−r¯ + δ
adδbcα2r−s¯α
2
r¯−s
]− αs
2π2
∫
d2z
[
F abcd0 + F
abcd
1 + F
abcd
2
]
(17)
where
F abcd0 ≡ faκbf cκd
(r − s)2
(r − z)2(s− z)2α
2
r−r¯α
2
s−s¯ + f
aκdf bκc
[
(r − r¯)2
2(r − z)2(r¯ − z)2 −
(r − s)2
2(r − z)2(s− z)2 + (r ↔ s, s¯↔ r¯)
]
α2r−s¯α
2
r¯−s
F abcd1 ≡ faκbf cκd
[ (
1
(r − z)2 −
(s− r)2
(r − z)2(s− z)2
)
α2r−r¯α
2
z−s¯ + (r ↔ s¯, s↔ r¯)
]
+ faκdf bκc
[ (
1
(r − z)2 −
(r¯ − r)2
(r − z)2(r¯ − z)2 −
1
(s¯− z)2 +
(s¯− r¯)2
(r¯ − z)2(s¯− z)2
)
α2r−s¯α
2
z−s + (r ↔ s, s¯↔ r¯)
]
F abcd2 ≡ faκbf cκd
[[(
(r − s)2
(r − z)2(s− z)2 −
1
(r − z)2 −
1
(s− z)2
)
α2z−r¯α
2
z−s¯ − (s↔ s¯)
]
− (r ↔ r¯)
]
. (18)
In (18) all terms in F0, F1 and F2 are to be duplicated with the substitutions indicated explicitly in the brackets.
Second, all terms in F0 and F1 are to be duplicated again substituting a ↔ b and r ↔ r¯. Then, all terms in F0 and
F1 should be duplicated a third time exchanging c↔ d and s↔ s¯. Furthermore, all terms in F2 are to be duplicated
while letting b↔ c and r ↔ s¯. Finally, the terms obtained in the last substitution (only) in F2 should be duplicated
exchanging c↔ d and r ↔ r¯.
The first term in (17) provides the leading-Nc contribution to the four-point function. The second term gives
corrections beyond the large-Nc factorization (10). Since an analytic solution to the evolution equation for the four
point function is not within our reach, a numerical investigation of these terms and their magnitude would be extremely
useful. Nevertheless, from
∂Y
〈
ρaρbρcρd
〉 ∼ αsNcδabδcd(ρ2)2 + αsfacκf bdκ(ρ2)2 , with ρ2(Y ) ∼ eαsNcY (19)
one might expect that, generically, the solution to this equation has the following color structure:〈
ρaρbρcρd
〉 ∼ δabδcd(ρ2)2 + δacδbd(ρ2)2 + δadδbc(ρ2)2 + (20)
1
Nc
facκf bdκ(ρ2)2 +
1
Nc
fabκf cdκ(ρ2)2 +
1
Nc
fadκf bcκ(ρ2)2 . (21)
(Note that the various two-point functions depend on different coordinates/momenta and so each of the above terms
is distinct.) The color factors emerging from the products of the Kronecker tensors have already been discussed above,
eqs. (12) and (14). However, some of the products of a leading-Nc term from the first line (20) with a subleading-Nc
term from the second line (21) also contribute at the same order N2c (N
2
c − 1). For example,
1
Nc
δa
′c′δb
′d′fgaa′fg′bb′fgcc′fg′dd′ f
abκf cdκ = Ncδ
acδbd fabκf cdκ = N2c (N
2
c − 1) . (22)
The other products are worked out in appendix C.
This shows that some of the subleading-Nc contributions from the four-point function actually enter C(p, q) at
leading order, compare to eq. (14). Previous results from the literature [4] (also see [11]) are therefore not complete.
Nevertheless, the correlations described here should still extend over several units in |yp−yq| [11]. Quantitative results
for the JIMWLK four-point function and for the corresponding two-particle correlations C(p,q) as functions of the
transverse momenta p, q, relative azimuth φ and relative rapidity |yp − yq| remain to be found.
In summary, we have argued that two-particle correlations from high-energy collisions may provide some insight into
the QCD four-point function. This should be the case, in particular, when the transverse momenta of the produced
particles are not very much higher than the saturation momenta of the colliding hadrons and when their relative
azimuthal angle is sufficiently less than π. The narrow (in both azimuthal and polar angle) jet-like fragmentation
peak should sit on top of a “background” which is broader in the relative rapidity |yp − yq|.
If expanded in powers of Nc, the leading contribution to the four-point function is given by the product of two
BFKL two-point functions. However, we find that genuine B-JIMWLK subleading-Nc corrections also appear in the
correlation function C(p,q), at leading non-vanishing order in Nc. The correlations mentioned here represent an
interesting opportunity to study the non-trivial structure of the four-point function of the B-JIMWLK hierarchy,
both theoretically and experimentally.
6Appendix A: Two-point function and BFKL
The JIMWLK equation for the two-point function is
d
dY
〈αarαcs〉 =
1
2
∫
d2xd2y
δ
δαbx
ηbdxy
δ
δαdy
αarα
c
s (A1)
=
1
2
∫
d2xd2y
[
δ
δαbx
ηbdxy
]
δ
δαdy
αarα
c
s +
1
2
∫
d2xd2y ηbdxy
δ
δαbx
δ
δαdy
αarα
c
s , (A2)
where
ηbdxy =
1
π
∫
d2z
(2π)2
(x− z) · (y − z)
(x − z)2(y − z)2
[
1 + V †x Vy − V †x Vz − V †z Vy
]bd
. (A3)
We start with the first term from eq. (A2):
δ
δαbx
ηbdxy =
1
π
∫
d2z
(2π)2
(x − z) · (y − z)
(x− z)2(y − z)2
[
V †x
δ
δαbx
Vy − V †x
δ
δαbx
Vz − V †z
δ
δαbx
Vy
]bd
(A4)
=
−ig
π
∫
d2z
(2π)2
(x− z) · (y − z)
(x− z)2(y − z)2
[
δ(x− y)V †x Vytb − δ(x− z)V †x Vztb − δ(x− y)V †z Vytb
]bd
. (A5)
Note that in (A4) the derivative does not act on the V † on the left because([
δ
δαbx
V †u
]
X
)
bd
= igδ(x− u) (tbV †uX)bd ∼ (tb)be (V †uX)ed = 0 . (A6)
The first term in the bracket from eq. (A5) vanishes because δ(x− y)V †x Vytb = δ(x− y)tb and (tb)bd = 0. To apply
the same argument to the second term from (A5) we rewrite
2(x− z) · (y − z) = (x− z)2 + (y − z)2 − [(x− z)− (y − z)]2 = (x− z)2 + (y − z)2 − (x− y)2 . (A7)
Hence, the second term from (A5) becomes
ig
2π
∫
d2z
(2π)2
(x− z)2 + (y − z)2 − (x− y)2
(x − z)2(y − z)2 δ(x− z)
[
V †x Vzt
b
]bd
= 0 . (A8)
The first term again vanishes when x = z while for the other two terms the divergences at x = z cancel and so they
vanish due to the color structure.
We can therefore simplify eq. (A5) to
δ
δαbx
ηbdxy =
ig
π
δ(x − y)
∫
d2z
(2π)2
(x− z) · (y − z)
(x− z)2(y − z)2
[
V †z Vyt
b
]bd
. (A9)
For the second term from eq. (A2) we need
δ
δαdy
αarα
c
s = δ
ad(r − y)αcs + δcd(s− y)αar (A10)
δ
δαbx
δ
δαdy
αarα
c
s = δ
ad(r − y)δbc(x− s) + δcd(s− y)δab(r − x) . (A11)
Eq. (A2) turns into
d
dY
〈αarαcs〉 =
ig
(2π)3
∫
d2xd2yd2z
(x− z) · (y − z)
(x− z)2(y − z)2
{
δ(x − y) [V †z Vytb]bd [δad(r − y)αcs + δcd(s− y)αar]} (A12)
+
1
(2π)3
∫
d2xd2yd2z
(x− z) · (y − z)
(x− z)2(y − z)2
[
1 + V †x Vy − V †x Vz − V †z Vy
]bd [
δad(r − y)δbc(x − s) + δcd(s− y)δab(r − x)](A13)
=
ig
(2π)3
∫
d2z
{[
V †z Vrt
b
]ba
αcs
(r − z)2 +
[
V †z Vst
b
]bc
αar
(s− z)2
}
(A14)
+
1
(2π)3
∫
d2z
(s− z) · (r − z)
(s− z)2(r − z)2
{[
1 + V †s Vr − V †s Vz − V †z Vr
]ca
+
[
1 + V †r Vs − V †r Vz − V †z Vs
]ac}
(A15)
=
2ig
(2π)3
∫
d2z
[
V †z Vyt
b
]ba
αcs
(r − z)2 +
2
(2π)3
∫
d2z
(s− z) · (r − z)
(s− z)2(r − z)2
[
1 + V †r Vs − V †r Vz − V †z Vs
]ac
. (A16)
7To expand the rhs to second order in the fields we need the following expressions:[
V †z Vyt
b
]ba
αcs = ig
(
αdz − αdr
) [
tdtb
]ba
αcs + · · · (A17)
= ig
(
αdz − αdr
) [
tdbet
b
ea
]
αcs (A18)
= ig
(
αdz − αdr
) [
ifdbe if bea
]
αcs (A19)
= −igNcδad
(
αdz − αdr
)
αcs (A20)
= igNc (α
a
r − αaz)αcs (A21)
and [
1 + V †r Vs − V †r Vz − V †z Vs
]ac
= ig [(αr − αs)− (αr − αz)− (αz − αs)]ac (A22)
+(ig)2
[
α2r + α
2
s − αrαs − α2r − α2z + αrαz − α2z − α2s + αzαs
]ac
(A23)
= g2
[
α2z + αrαs − αrαz − αzαs
]ac
(A24)
= g2
[
αbzα
d
z + α
b
rα
d
s − αbrαdz − αbzαds
]
tbaet
d
ec (A25)
= g2f beafdec
[
αbzα
d
z + α
b
rα
d
s − αbrαdz − αbzαds
]
. (A26)
In the step from (A23) to (A24) we have used the rapidity ordering of the fields; hence, only one of the ∼ α2z terms
can contribute.
Using these expressions in (A16) gives
d
dY
〈αarαcs〉 = −
2g2Nc
(2π)3
∫
d2z
(r − z)2 [α
a
r − αaz ]αcs
+
2g2f beafdec
(2π)3
∫
d2z
(s− z) · (r − z)
(s− z)2(r − z)2
[
αbzα
d
z + α
b
rα
d
s − αbrαdz − αbzαds
]
. (A27)
We now take the expectation value on the rhs using
〈αarαcs〉 = δacα2r−s (A28)
where α2r−s is essentially the unintegrated gluon distribution function. This turns eq. (A27) into (we drop an overall
δac)
d
dY
α2r−s = −
2g2Nc
(2π)3
∫
d2z
(r − z)2
[
α2r−s − α2z−s
]
+
2g2Nc
(2π)3
∫
d2z
(s− z) · (r − z)
(s− z)2(r − z)2
[
α2z−z + α
2
r−s − α2r−z − α2z−s
]
.(A29)
To cast this into the familiar form for the BFKL equation we symmetrize the kernel of the first term and rewrite that
of the second term in a different form:
2
(r − z)2 =
1
(r − z)2 +
1
(s− z)2 (A30)
2
(s− z) · (r − z)
(s− z)2(r − z)2 =
1
(r − z)2 +
1
(s− z)2 −
(r − s)2
(s− z)2(r − z)2 . (A31)
Then, the part of (A29) involving α2r−s (the BFKL virtual part) becomes
− g
2Nc
(2π)3
∫
d2z
(r − s)2
(s− z)2(r − z)2α
2
r−s = −
α¯
2π
∫
d2z
(r − s)2
(s− z)2(r − z)2α
2
r−s , (A32)
where α¯ ≡ αsNc/π.
The other terms from (A29) where α2 depends on the integration variable z (the BFKL real emissions) turn into
g2Nc
(2π)3
∫
d2z
{
α2z−s
(r − z)2 +
α2z−r
(s− z)2 +
[
1
(r − z)2 +
1
(s− z)2 −
(r − s)2
(s− z)2(r − z)2
] [
α2z−z − α2r−z − α2s−z
]}
(A33)
=
α¯
2π
∫
d2z
{
− α
2
r−z
(r − z)2 −
α2s−z
(s− z)2 +
α20
(r − z)2 +
α20
(s− z)2 +
(r − s)2
(s− z)2(r − z)2
(
α2r−z + α
2
s−z − α20
)}
(A34)
=
α¯
2π
∫
d2z
{
−2α
2
z − α20
z2
+
(r − s)2
(s− z)2(r − z)2
(
α2r−z + α
2
s−z − α20
)}
. (A35)
8Appendix B: Four-point function
The JIMWLK equation for the four-point function is
d
dY
〈αarαbr¯αcsαds¯〉 =
1
2
∫
d2xd2y
δ
δαex
ηefxy
δ
δαfy
αarα
b
r¯α
c
sα
d
s¯ (B1)
=
1
2
∫
d2xd2y
[
δ
δαex
ηefxy
]
δ
δαfy
αarα
b
r¯α
c
sα
d
s¯ +
1
2
∫
d2xd2y ηefxy
δ2
δαex δα
f
y
αarα
b
r¯α
c
sα
d
s¯ , (B2)
We begin with the first term. The square bracket can be taken over from eq. (A9), and may also be written in the
form
δ
δαex
ηefxy = −
g
π
fegf δ(x− y)
∫
d2z
(2π)2
1
(y − z)2
[
V †z Vy
]eg
. (B3)
We also need
δ
δαfy
αarα
b
r¯α
c
sα
d
s¯ = δ
af
r−yα
b
r¯α
c
sα
d
s¯ + δ
bf
r¯−yα
a
rα
c
sα
d
s¯ + δ
cf
s−yα
a
rα
b
r¯α
d
s¯ + δ
df
s¯−yα
a
rα
b
r¯α
c
s . (B4)
The first term on the rhs of (B2) becomes
− g
(2π)3
∫
d2z
{
fega
(r − z)2
[
V †z Vr
]eg
αbr¯α
c
sα
d
s¯ +
fegb
(r¯ − z)2
[
V †z Vr¯
]eg
αarα
c
sα
d
s¯
+
fegc
(s− z)2
[
V †z Vs
]eg
αarα
b
r¯α
d
s¯ +
fegd
(s¯− z)2
[
V †z Vs¯
]eg
αarα
b
r¯α
c
s
}
. (B5)
To linear order in the fields,
faeg
[
V †z Vr
]eg
= igfaeg (ακz − ακr ) (tκ)eg = −gfaegfκeg (ακz − ακr ) = −gNc (αaz − αar) , (B6)
and so eq. (B5) is equal to
g2Nc
(2π)3
∫
d2z
{
1
(r − z)2 (α
a
z − αar )αbr¯αcsαds¯ +
1
(r¯ − z)2α
a
r
(
αbz − αbr¯
)
αcsα
d
s¯
+
1
(s− z)2α
a
rα
b
r¯ (α
c
z − αcs)αds¯ +
1
(s¯− z)2α
a
rα
b
r¯α
c
s
(
αdz − αds¯
)}
(B7)
= −4 g
2Nc
(2π)3
∫
d2z
z2
αarα
b
r¯α
c
sα
d
s¯
+
g2Nc
(2π)3
∫
d2z
{
αazα
b
r¯α
c
sα
d
s¯
(r − z)2 +
αarα
b
zα
c
sα
d
s¯
(r¯ − z)2 +
αarα
b
r¯α
c
zα
d
s¯
(s− z)2 +
αarα
b
r¯α
c
sα
d
z
(s¯− z)2
}
(B8)
This is the final result for the first term from (B2). In the next section B1 we will simplify this further by taking the
expectation value with a Gaussian weight.
We now turn to the second term from eq. (B2). With ηabxy = η
ba
yx we find
1
2
∫
d2xd2y ηefxy
δ2
δαex δα
f
y
αarα
b
r¯α
c
sα
d
s¯ = η
ab
rr¯α
c
sα
d
s¯ + η
ac
rsα
b
r¯α
d
s¯ + η
ad
rs¯α
b
r¯α
c
s + η
bc
r¯sα
a
rα
d
s¯ + η
bd
r¯s¯α
a
rα
c
s + η
cd
ss¯α
a
rα
b
r¯ . (B9)
The expansion of ηabxy in powers of the field starts at second order. From (A3),
ηabxy =
g2
π
∫
d2z
(2π)2
(x − z) · (y − z)
(x− z)2(y − z)2
[
αxαy − αxαz − αzαy + α2z + α2z
]ab
(B10)
=
g2
π
feκaffκb
∫
d2z
(2π)2
(x− z) · (y − z)
(x− z)2(y − z)2
[
αexα
f
y − αexαfz − αezαfy + αezαfz + αezαfz
]
. (B11)
9We note that the two terms α2z exhibit different ordering in rapidity as they arise from the expansion of Vz and V
†
z
to order g2, respectively. For what follows, we combine them into a single ∼ α2z term which shows up no matter how
rapidities are ordered. Using (B11) in (B9) we obtain
g2
π
∫
d2z
(2π)2
{
feκaffκb
(r − z) · (r¯ − z)
(r − z)2(r¯ − z)2
[
αerα
f
r¯ − αerαfz − αezαfr¯ + αezαfz
]
αcsα
d
s¯
+ feκaffκc
(r − z) · (s− z)
(r − z)2(s− z)2
[
αerα
f
s − αerαfz − αezαfs + αezαfz
]
αbr¯α
d
s¯
+ feκaffκd
(r − z) · (s¯− z)
(r − z)2(s¯− z)2
[
αerα
f
s¯ − αerαfz − αezαfs¯ + αezαfz
]
αbr¯α
c
s
+ feκbffκc
(r¯ − z) · (s− z)
(r¯ − z)2(s− z)2
[
αer¯α
f
s − αer¯αfz − αezαfs + αezαfz
]
αarα
d
s¯
+ feκbffκd
(r¯ − z) · (s¯− z)
(r¯ − z)2(s¯− z)2
[
αer¯α
f
s¯ − αer¯αfz − αezαfs¯ + αezαfz
]
αarα
c
s
+ feκcffκd
(s− z) · (s¯− z)
(s− z)2(s¯− z)2
[
αesα
f
s¯ − αesαfz − αezαfs¯ + αezαfz
]
αarα
b
r¯
}
. (B12)
This is the final result for the second term from (B2). In the next section we compute its expectation value for a
Gaussian weight.
1. Gaussian approximation
To simplify the expressions further, we assume that the expectation value of the four-point function on the rhs of
the evolution equation is taken with a Gaussian weight so that it is given by a sum over all possible Wick contractions:
〈αarαbr¯αcsαds¯〉 = 〈αarαcs〉 〈αbr¯αds¯〉+ 〈αarαbr¯〉 〈αcsαds¯〉+ 〈αarαds¯〉 〈αbr¯αcs〉 (B13)
= δacδbdα2r−sα
2
r¯−s¯ + δ
abδcdα2r−r¯α
2
s−s¯ + δ
adδbcα2r−s¯α
2
r¯−s , (B14)
where we used (A28). The above factorization into two-point functions reproduces the evolution of the four-point
function at leading order in Nc. The lhs of (B2) then becomes
d
dY
〈αarαbr¯αcsαds¯〉 = δacδbd
(
α2r¯−s¯
d
dY
α2r−s + α
2
r−s
d
dY
α2r¯−s¯
)
(B15)
+ δabδcd
(
α2s−s¯
d
dY
α2r−r¯ + α
2
r−r¯
d
dY
α2s−s¯
)
(B16)
+ δadδbc
(
α2r¯−s
d
dY
α2r−s¯ + α
2
r−s¯
d
dY
α2r¯−s
)
. (B17)
We continue to analyze only one color channel corresponding to the first term ∼ δacδbd (the others are similar). The
two-point functions satisfy the BFKL equation and therefore
α2r¯−s¯
d
dY
α2r−s = −
g2Nc
(2π)3
∫
d2z
{
(r − s)2
(r − z)2(s− z)2
[
α2r−s − α2r−z − α2s−z + α20
]
+ 2
α2z − α20
z2
}
α2r¯−s¯ (B18)
α2r−s
d
dY
α2r¯−s¯ = −
g2Nc
(2π)3
∫
d2z
{
(r¯ − s¯)2
(r¯ − z)2(s¯− z)2
[
α2r¯−s¯ − α2r¯−z − α2s¯−z + α20
]
+ 2
α2z − α20
z2
}
α2r−s . (B19)
Thus, (B15) turns into
d
dY
α2r−sα
2
r¯−s¯ = −
g2Nc
(2π)3
∫
d2z
{[
(r − s)2
(r − z)2(s− z)2 +
(r¯ − s¯)2
(r¯ − z)2(s¯− z)2
]
α2r−sα
2
r¯−s¯
+
[
2
α2z − α20
z2
− (r − s)
2
(r − z)2(s− z)2
(
α2r−z + α
2
s−z − α20
)]
α2r¯−s¯
+
[
2
α2z − α20
z2
− (r¯ − s¯)
2
(r¯ − z)2(s¯− z)2
(
α2r¯−z + α
2
s¯−z − α20
)]
α2r−s
}
. (B20)
10
At leading order in Nc the evolution of the four-point function should be determined by the BFKL evolution of the
two-point function, as given in the previous equation [plus similar terms from eqs. (B16,B17)]. In what follows, we
verify this explicitly from the full JIMWLK evolution equation, eq. (B8) plus (B12). However, we also derive the
contributions which are subleading in Nc.
a. Virtual terms from JIMWLK
Forming pairwise contractions on eq. (B8) gives
g2Nc
(2π)3
∫
d2z
{
δabδcd
[
−4α
2
r−r¯α
2
s−s¯
z2
+
α2z−r¯α
2
s−s¯
(r − z)2 +
α2r−zα
2
s−s¯
(r¯ − z)2 +
α2r−r¯α
2
z−s¯
(s− z)2 +
α2r−r¯α
2
s−z
(s¯− z)2
]
δacδbd
[
−4α
2
r−sα
2
r¯−s¯
z2
+
α2z−sα
2
r¯−s¯
(r − z)2 +
α2r−sα
2
z−s¯
(r¯ − z)2 +
α2r−zα
2
r¯−s¯
(s− z)2 +
α2r−sα
2
r¯−z
(s¯− z)2
]
δadδbc
[
−4α
2
r−s¯α
2
r¯−s
z2
+
α2z−s¯α
2
r¯−s
(r − z)2 +
α2r−s¯α
2
z−s
(r¯ − z)2 +
α2r−s¯α
2
r¯−z
(s− z)2 +
α2r−zα
2
r¯−s
(s¯− z)2
]}
. (B21)
All of these terms will cancel against corresponding pieces from eq. (B12).
We organize the virtual contributions (where none of the fields depends on the integration variable z) from eq. (B12)
according to the various possible contractions. The term involving α2r−sα
2
r¯−s¯ is
g2
(2π)3
∫
d2z
{
feκaffκbδecδfd
[
1
(r − z)2 +
1
(r¯ − z)2 −
(r − r¯)2
(r − z)2(r¯ − z)2
]
+ feκaffκcδef δbd
[
1
(r − z)2 +
1
(s− z)2 −
(r − s)2
(r − z)2(s− z)2
]
+ feκaffκdδecδbf
[
1
(r − z)2 +
1
(s¯− z)2 −
(r − s¯)2
(r − z)2(s¯− z)2
]
+ feκbffκcδaf δed
[
1
(s− z)2 +
1
(r¯ − z)2 −
(s− r¯)2
(s− z)2(r¯ − z)2
]
+ feκbffκdδacδef
[
1
(s¯− z)2 +
1
(r¯ − z)2 −
(s¯− r¯)2
(s¯− z)2(r¯ − z)2
]
+ feκcffκdδaeδbf
[
1
(s− z)2 +
1
(s¯− z)2 −
(s− s¯)2
(s− z)2(s¯− z)2
]}
α2r−sα
2
r¯−s¯ (B22)
=
g2
(2π)3
∫
d2z
{
f cκafdκb
[
1
(r − z)2 +
1
(r¯ − z)2 −
(r − r¯)2
(r − z)2(r¯ − z)2
]
+ Ncδ
acδbd
[
1
(r − z)2 +
1
(s− z)2 −
(r − s)2
(r − z)2(s− z)2
]
+ f cκaf bκd
[
1
(r − z)2 +
1
(s¯− z)2 −
(r − s¯)2
(r − z)2(s¯− z)2
]
+ fdκbfaκc
[
1
(s− z)2 +
1
(r¯ − z)2 −
(s− r¯)2
(s− z)2(r¯ − z)2
]
+ Ncδ
acδbd
[
1
(s¯− z)2 +
1
(r¯ − z)2 −
(s¯− r¯)2
(s¯− z)2(r¯ − z)2
]
+ faκcf bκd
[
1
(s− z)2 +
1
(s¯− z)2 −
(s− s¯)2
(s− z)2(s¯− z)2
]}
α2r−sα
2
r¯−s¯ (B23)
=
g2
(2π)3
∫
d2z
{
Ncδ
acδbd
[
4
z2
− (r − s)
2
(r − z)2(s− z)2 −
(r¯ − s¯)2
(r¯ − z)2(s¯− z)2
]
− faκcf bκd
[
(r − r¯)2
(r − z)2(r¯ − z)2 −
(r − s¯)2
(r − z)2(s¯− z)2 −
(s− r¯)2
(s− z)2(r¯ − z)2 +
(s¯− s)2
(s¯− z)2(s− z)2
]}
α2r−sα
2
r¯−s¯ . (B24)
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The first term on the first line cancels the corresponding term involving α2r−sα
2
r¯−s¯ from eq. (B21). The rest of that
line contributes to the rapidity evolution of the four-point function at order O(Nc) and is seen to match the first
line of eq. (B20), i.e. the “virtual correction” part of the leading-Nc BFKL equation for the four-point function. The
second line in (B24) is a correction which is suppressed by a relative factor of 1/Nc.
Along the same lines one finds that the contribution from eq. (B12) involving α2r−r¯α
2
s−s¯ is
=
g2
(2π)3
∫
d2z
{
Ncδ
abδcd
[
4
z2
− (r − r¯)
2
(r − z)2(r¯ − z)2 −
(s− s¯)2
(s− z)2(s¯− z)2
]
− faκbf cκd
[
(r − s)2
(r − z)2(s− z)2 −
(r − s¯)2
(r − z)2(s¯− z)2 −
(s− r¯)2
(s− z)2(r¯ − z)2 +
(s¯− r¯)2
(s¯− z)2(r¯ − z)2
]}
α2r−r¯α
2
s−s¯ . (B25)
The first term on the first line will again cancel with a similar term ∼ −Ncδabδcdα2r−r¯α2s−s¯ from the first line of
eq. (B8).
Finally, we also list the contribution from eq. (B12) involving α2r−s¯α
2
r¯−s:
=
g2
(2π)3
∫
d2z
{
Ncδ
adδbc
[
4
z2
− (r − s¯)
2
(r − z)2(s¯− z)2 −
(s− r¯)2
(s− z)2(r¯ − z)2
]
− faκdf bκc
[
(r − r¯)2
(r − z)2(r¯ − z)2 −
(r − s)2
(r − z)2(s− z)2 −
(s¯− r¯)2
(s¯− z)2(r¯ − z)2 +
(s¯− s)2
(s¯− z)2(s− z)2
]}
α2r−s¯α
2
r¯−s . (B26)
As before, the very first term in this expression will cancel. To summarize the results obtained so far: the evolution
equation for the four-point function in mean-field approximation is given by
d
dY
〈αarαbr¯αcsαds¯〉 =
d
dY
(
δacδbdα2r¯−s¯α
2
r−s + δ
abδcdα2s−s¯α
2
r−r¯ + δ
adδbcα2r¯−sα
2
r−s¯
)
(B27)
− g
2
(2π)3
∫
d2z
{
faκcf bκd
[
(r − r¯)2
(r − z)2(r¯ − z)2 −
(r − s¯)2
(r − z)2(s¯− z)2 −
(s− r¯)2
(s− z)2(r¯ − z)2 +
(s¯− s)2
(s¯− z)2(s− z)2
]
α2r−sα
2
r¯−s¯
+ faκbf cκd
[
(r − s)2
(r − z)2(s− z)2 −
(r − s¯)2
(r − z)2(s¯− z)2 −
(s− r¯)2
(s− z)2(r¯ − z)2 +
(s¯− r¯)2
(s¯− z)2(r¯ − z)2
]
α2r−r¯α
2
s−s¯
+ faκdf bκc
[
(r − r¯)2
(r − z)2(r¯ − z)2 −
(r − s)2
(r − z)2(s− z)2 −
(s¯− r¯)2
(s¯− z)2(r¯ − z)2 +
(s¯− s)2
(s¯− z)2(s− z)2
]
α2r−s¯α
2
r¯−s
}
.
The first line, eq. (B27), involves only standard BFKL evolution of the two-point functions and provides the leading-
Nc contributions to both real emissions and virtual corrections. These terms can be written in explicit form by using
the BFKL equation for the rapidity evolution for the two-point functions; for example, the first term from that line
is given in (B20). The remaining lines correspond to the subleading (in Nc) contributions to the virtual terms for
JIMWLK evolution. In the next section, we derive the corresponding real emission terms.
b. Real terms from JIMWLK
We begin with terms which contain only one z-dependent field, as given by the second and third columns in (B12).
The first line is given by
f cκaffκb
〈
αerα
f
zα
c
sα
d
s¯ + α
e
zα
f
r¯α
c
sα
d
s¯
〉
(B28)
= f cκaffκb
× [δef δcd (α2r−zα2s−s¯ + α2z−r¯α2s−s¯)+ δecδfd (α2r−sα2z−s¯ + α2z−sα2r¯−s¯)+ δedδcf (α2r−s¯α2z−s + α2z−s¯α2r¯−s)] (B29)
= Ncδ
abδcd
(
α2r−zα
2
s−s¯ + α
2
z−r¯α
2
s−s¯
)
+ f cκafdκb
(
α2r−sα
2
z−s¯ + α
2
z−sα
2
r¯−s¯
)
+ fdκaf cκb
(
α2r−s¯α
2
z−s + α
2
z−s¯α
2
r¯−s
)
.(B30)
The second plus third terms from the first line of (B12) thus becomes
− g
2
(2π)3
∫
d2z
(
1
(r − z)2 +
1
(r¯ − z)2 −
(r¯ − r)2
(r − z)2(r¯ − z)2
)
× [Ncδabδcd(α2r−zα2s−s¯ + α2r¯−zα2s−s¯) + f cκafdκb(α2r−sα2z−s¯ + α2r¯−s¯α2z−s) + fdκaf cκb(α2r−s¯α2z−s + α2r¯−sα2z−s¯)] .(B31)
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The remaining terms from (B12) with one z-dependent field are easily obtained via permutations of color indices and
coordinates. The full result is
− g
2
(2π)3
∫
d2z{(
1
(r − z)2 +
1
(r¯ − z)2 −
(r¯ − r)2
(r − z)2(r¯ − z)2
)
× [Ncδabδcd(α2r−zα2s−s¯ + α2r¯−zα2s−s¯) + f cκafdκb(α2r−sα2z−s¯ + α2r¯−s¯α2z−s) + fdκaf cκb(α2r−s¯α2z−s + α2r¯−sα2z−s¯)]
+
(
1
(r − z)2 +
1
(s− z)2 −
(s− r)2
(r − z)2(s− z)2
)
× [Ncδacδbd(α2r−zα2r¯−s¯ + α2s−zα2r¯−s¯) + f bκafdκc(α2r−r¯α2z−s¯ + α2s−s¯α2z−r¯) + fdκaf bκc(α2r−s¯α2z−r¯ + α2r¯−sα2z−s¯)]
+
(
1
(r − z)2 +
1
(s¯− z)2 −
(s¯− r)2
(r − z)2(s¯− z)2
)
× [Ncδadδbc(α2r−zα2r¯−s + α2s¯−zα2r¯−s) + f bκaf cκd(α2r−r¯α2z−s + α2s−s¯α2z−r¯) + f cκaf bκd(α2r−sα2z−r¯ + α2r¯−s¯α2z−s)]
+
(
1
(r¯ − z)2 +
1
(s− z)2 −
(s− r¯)2
(r¯ − z)2(s− z)2
)
× [Ncδadδbc(α2r¯−zα2r−s¯ + α2s−zα2r−s¯) + faκbfdκc(α2r−r¯α2z−s¯ + α2s−s¯α2z−r) + fdκbfaκc(α2r¯−s¯α2z−r + α2r−sα2z−s¯)]
+
(
1
(r¯ − z)2 +
1
(s¯− z)2 −
(s¯− r¯)2
(r¯ − z)2(s¯− z)2
)
× [Ncδacδbd(α2r¯−zα2r−s + α2s¯−zα2r−s) + faκbf cκd(α2r−r¯α2z−s + α2s−s¯α2z−r) + f cκbfaκd(α2r¯−sα2z−r + α2r−s¯α2z−s)]
+
(
1
(s− z)2 +
1
(s¯− z)2 −
(s¯− s)2
(s− z)2(s¯− z)2
)
× [Ncδabδcd(α2s−zα2r−r¯ + α2s¯−zα2r−r¯) + faκcf bκd(α2r−sα2z−r¯ + α2r¯−s¯α2z−r) + f bκcfaκd(α2r¯−sα2z−r + α2r−s¯α2z−r¯)]} .(B32)
Adding now the terms from eq. (B21) with one z-dependent field, and those from eq. (B12) with two z-dependent
fields, leads to the sum of the following two contributions; the terms proportional to Nc are given by
− g
2Nc
(2π)3
∫
d2z
{
δabδcd
[(
2
α2z − α20
z2
− (r¯ − r)
2
(r − z)2(r¯ − z)2
(
α2r−z + α
2
r¯−z − α20
))
α2s−s¯
+
(
2
α2z − α20
z2
− (s¯− s)
2
(s− z)2(s¯− z)2
(
α2s−z + α
2
s¯−z − α20
))
α2r−r¯
]
+δacδbd
[(
2
α2z − α20
z2
− (s− r)
2
(r − z)2(s− z)2
(
α2r−z + α
2
s−z − α20
))
α2r¯−s¯
+
(
2
α2z − α20
z2
− (s¯− r¯)
2
(s¯− z)2(r¯ − z)2
(
α2r¯−z + α
2
s¯−z − α20
))
α2r−s
]
+δadδbc
[(
2
α2z − α20
z2
− (s¯− r)
2
(r − z)2(s¯− z)2
(
α2r−z + α
2
s¯−z − α20
))
α2r¯−s
+
(
2
α2z − α20
z2
− (s− r¯)
2
(s− z)2(r¯ − z)2
(
α2r¯−z + α
2
s−z − α20
))
α2r−s¯
]}
(B33)
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These provide the leading-Nc contributions and correspond to BFKL evolution of the product of two two-point
functions; compare to eq. (B20). The genuine JIMWLK contribution is
− g
2
(2π)3
∫
d2z
{
faκbf cκd
[ (
1
(r − z)2 −
(s− r)2
(r − z)2(s− z)2 −
1
(r¯ − z)2 +
(s− r¯)2
(r¯ − z)2(s− z)2
)
α2r−r¯α
2
z−s¯
+
(
1
(s− z)2 −
(s− r)2
(r − z)2(s− z)2 −
1
(s¯− z)2 +
(s¯− r)2
(r − z)2(s¯− z)2
)
α2s−s¯α
2
z−r¯
+
(
1
(r¯ − z)2 −
(s¯− r¯)2
(r¯ − z)2(s¯− z)2 −
1
(r − z)2 +
(s¯− r)2
(r − z)2(s¯− z)2
)
α2r−r¯α
2
z−s
+
(
1
(s¯− z)2 −
(s¯− r¯)2
(r¯ − z)2(s¯− z)2 −
1
(s− z)2 +
(s− r¯)2
(r¯ − z)2(s− z)2
)
α2s−s¯α
2
z−r
+
(
(s− r)2
(r − z)2(s− z)2 −
1
(r − z)2 −
1
(s− z)2
)
α2z−s¯α
2
z−r¯
+
(
− (s¯− r)
2
(r − z)2(s− z)2 +
1
(r − z)2 +
1
(s¯− z)2
)
α2z−sα
2
z−r¯
+
(
− (r¯ − s)
2
(r − z)2(s− z)2 +
1
(r¯ − z)2 +
1
(s− z)2
)
α2z−s¯α
2
z−r
+
(
(s¯− r¯)2
(r¯ − z)2(s¯− z)2 −
1
(r¯ − z)2 −
1
(s¯− z)2
)
α2z−sα
2
z−r
]
+ faκcf bκd
[ (
1
(r − z)2 −
(r¯ − r)2
(r − z)2(r¯ − z)2 −
1
(s− z)2 +
(s− r¯)2
(r¯ − z)2(s− z)2
)
α2r−sα
2
z−s¯
+
(
1
(r¯ − z)2 −
(r¯ − r)2
(r − z)2(r¯ − z)2 −
1
(s¯− z)2 +
(s¯− r)2
(r − z)2(s¯− z)2
)
α2r¯−s¯α
2
z−s
+
(
1
(s− z)2 −
(s¯− s)2
(s− z)2(s¯− z)2 −
1
(r − z)2 +
(s¯− r)2
(r − z)2(s¯− z)2
)
α2r−sα
2
z−r¯
+
(
1
(s¯− z)2 −
(s¯− s)2
(s− z)2(s¯− z)2 −
1
(r¯ − z)2 +
(s− r¯)2
(r¯ − z)2(s− z)2
)
α2r¯−s¯α
2
z−r
+
(
(s¯− s)2
(s− z)2(s¯− z)2 −
1
(s¯− z)2 −
1
(s− z)2
)
α2z−r¯α
2
z−r
+
(
− (r¯ − s)
2
(r¯ − z)2(s− z)2 +
1
(r¯ − z)2 +
1
(s− z)2
)
α2z−s¯α
2
z−r
+
(
− (s¯− r)
2
(r − z)2(s¯− z)2 +
1
(r − z)2 +
1
(s¯− z)2
)
α2z−sα
2
z−r¯
+
(
(r − r¯)2
(r − z)2(r¯ − z)2 −
1
(r − z)2 −
1
(r¯ − z)2
)
α2z−sα
2
z−s¯
]
faκdf bκc
[ (
1
(r − z)2 −
(r¯ − r)2
(r − z)2(r¯ − z)2 −
1
(s¯− z)2 +
(s¯− r¯)2
(r¯ − z)2(s¯− z)2
)
α2r−s¯α
2
z−s
+
(
1
(r¯ − z)2 −
(r¯ − r)2
(r − z)2(r¯ − z)2 −
1
(s− z)2 +
(s− r)2
(r − z)2(s− z)2
)
α2r¯−sα
2
z−s¯
+
(
1
(s¯− z)2 −
(s¯− s)2
(s− z)2(s¯− z)2 −
1
(r − z)2 +
(s− r)2
(r − z)2(s− z)2
)
α2r−s¯α
2
z−r¯
+
(
1
(s− z)2 −
(s¯− s)2
(s− z)2(s¯− z)2 −
1
(r¯ − z)2 +
(s¯− r¯)2
(r¯ − z)2(s¯− z)2
)
α2r¯−sα
2
z−r
+
(
(r¯ − r)2
(r − z)2(r¯ − z)2 −
1
(r¯ − z)2 −
1
(r − z)2
)
α2z−s¯α
2
z−s
+
(
− (r − s)
2
(r − z)2(s− z)2 +
1
(r − z)2 +
1
(s− z)2
)
α2z−r¯α
2
z−s¯
+
(
− (s¯− r¯)
2
(r¯ − z)2(s¯− z)2 +
1
(r¯ − z)2 +
1
(s¯− z)2
)
α2z−sα
2
z−r
+
(
(s− s¯)2
(s− z)2(s¯− z)2 −
1
(s− z)2 −
1
(s¯− z)2
)
α2z−rα
2
z−r¯
]}
. (B34)
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This expression (B34), which is to be added to the rhs of (B27), is our final result for the evolution equation of the
JIMWLK four-point function for a Gaussian weight. It can be rewritten in more compact form by exploiting some of
the symmetries of 〈αarαbr¯αcsαds¯〉, eqs. (17,18).
Appendix C: Color factors
In this appendix, we compute the color factors for the products of a leading-Nc term from the first line (20) with
a subleading-Nc term from the second line (21); color indices from the target side carry a prime and we need to also
include the remaining structure constants from eq. (5). Using the following SU(Nc) identities
fabκf cbκ = Nc δ
ac , (C1)
fabκf cdκ =
2
Nc
(
δacδbd − δadδbc)+ dacκdbdκ − dadκdbcκ , (C2)
dacκdacr =
(
Nc − 4
Nc
)
δrκ , (C3)
fgaa
′
fgcc
′
facκ = i3 tradj t
a′tc
′
tκ =
Nc
2
fa
′c′κ , (C4)
faa′gf
c
gc′f
d
c′g′f
b
g′a′ = tradj t
atctdtb = δacδbd + δabδcd +
Nc
4
(
dacrddbr − dadrdbcr + dabrdcdr) , (C5)
dadκdbcκdacrdbdr = O(N4c ) , (C6)
one derives
1
Nc
δa
′b′δc
′d′ (fgaa′fgcc′f
acκ)
(
fg′bb′fg′dd′f
bdκ
)
=
1
4
N2c (N
2
c − 1) , (C7)
1
Nc
δa
′b′δc
′d′fgaa′fgcc′fg′bb′fg′dd′f
abκf cdκ =
1
Nc
fabκf cdκ tradj t
atctdtb
=
1
Nc
fabκf cdκ
(
δacδbd + δabδcd +
Nc
4
(
dacrddbr − dadrdbcr + dabrdcdr)) = δbd + 1
2
fabκf cdκdacrdbdr
=
[
1− 1
Nc
(
Nc − 4
Nc
)
+
1
2
(
Nc − 4
Nc
)2
+O(N2c )
]
(N2c − 1) (C8)
1
Nc
δa
′b′δc
′d′fgaa′fgcc′fg′bb′fg′dd′f
adκf bcκ =
1
Nc
fadκf bcκ tradj t
atctdtb
=
1
Nc
fadκf bcκ
(
δacδbd + δabδcd +
Nc
4
(
dacrddbr − dadrdbcr + dabrdcdr)) = 0 (C9)
1
Nc
δa
′c′δb
′d′fgaa′fg′bb′fgcc′fg′dd′ f
acκf bdκ = Ncδ
acδbdfacκf bdκ = 0 (C10)
1
Nc
δa
′c′δb
′d′fgaa′fg′bb′fgcc′fg′dd′ f
abκf cdκ = Ncδ
acδbd fabκf cdκ = N2c (N
2
c − 1) (C11)
1
Nc
δa
′c′δb
′d′fgaa′fg′bb′fgcc′fg′dd′ f
adκf bcκ = Ncδ
acδbdfadκf bcκ = −N2c (N2c − 1) (C12)
1
Nc
δa
′d′δb
′c′ (fgaa′fgcc′f
acκ)
(
fg′bb′fg′dd′f
bdκ
)
= −1
4
N2c (N
2
c − 1) , (C13)
1
Nc
δa
′d′δb
′c′fgaa′fg′bb′fgcc′fg′dd′ f
abκf cdκ =
1
Nc
fabκf cdκ tradj t
atctbtd
= −(C9) = 0 (C14)
1
Nc
δa
′d′δb
′c′fgaa′fg′bb′fgcc′fg′dd′ f
adκf bcκ = −1
4
N2c (N
2
c − 1) . (C15)
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